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SEDIMENT TRANSPORT BY TURBULENT FLOW ABOVE A BOTTOM SUBJECT TO EROSION

A. G. Petrov and P. G. Petrov UDC 532.543

The theory of the motion of suspended particles in a turbulent flow at low concentra-
tion is presented in [1, 2}. 1In [3] it is proposed that Coulombic dry friction between. the
solid particles moving in the liquid be taken into account. In [4-7] the motion of a mixture
of a liquid and solid particles is investigated with the help of a rheological relation in
the form of a combination of dry friction for the solid phase and viscous friction for the
liquid phase. In [4] one-dimensional turbulent flow above an even bottom is considered. In
[5-7] the motion is studied in a general formulation with an arbitrary bottom relief and an
expression is derived for the sediment flow rate. In [4-7] the particle concentration in
the layer of sediment at the bottom is assumed to be constant.

In the present paper we propose, on the basis of the results enumerated above, a model
of the medium which gives a continuous description of the motion of the mixture over the en-
tire thickness of the flow, starting from the eroding bottom surface with the limiting par-
ticle concentration. Far from the bottom surface, where the concentration is low, the equa-
tions convert into the equations of motion derived in [1, 2] for suspended particles in a
turbulent flow. The main result is an analytic expression for the sediment flow rate in a
turbulent flow for the general three-dimensional problem. The theory does not require the
introduction of unknown empirical parameters.

1. Assumptions. We consider the turbulent flow of a heavy incompressible liquid with
solid particles in the region £(x, y) < z < n, where x, y, and z is a Cartesian coordinate
system whose z-axis is oriented vertically, the equation of the free surface is z = n, and
the equation of the bottom surface is z = £(x, v). A stationary granulated uniform medium
occupies the region z < E(x, y). Mass transfer occurs at the interface z = £(x, y). The
density of solid particles pp is higher than the density of the liquid py.

It is assumed that the main mass of the particles moves in a bottom layer of thickness
of the order a, much less than the depth h = n — £. The characteristic horizontal since L
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of the flow is significantly greater than the depth. Thus the following inequalities are
satisfied:

o <h< L (1.1)

The following consequences can be derived from the main assumption (1.1).

1. The tangential stresses on vertical areas and the acceleration of the liquid along
the vertical direction are negligibly small. The pressure distribution is hydrostatic. If
the orthogonal coordinates X, Y, Z (where Z is the distance along the normal upwards from
the bottom surface) are introduced, then the pressure in the bottom layer at the level Z can
be written in the form

p=py+08Mm—8— Z) + glpy — 02w — al2)); (1.2)

d(Z): C(Z)dz, aw:a(oo), (1.3)

S ey N

where p, is the atmospheric pressure on the surface of the liquid; the second term is the
weight of a column of the pure liquid; a(Z) is the effective thickness of the layer of par-
ticles; and, ¢ is the volume concentration of particles in the liquid.

2. The change in the thickness a of the layer in any direction is much smaller than
the change in the elevations of the bottom:

lvel < (vEl, v = (8/0X, 8/0Y). (1.4)

For this reason, the pressure gradient in the mixture is equal to the pressure gradient in
the pure liquid. In what follows we confine our attention to flows whose Froude number is
much less than one, where |yn| < Iv&l, and for this reason

Vp = —py&VE. (1.5)

3. The angle y between the vertical direction and the normal to the bottom surface is
small. In what follows we take into account first-order infinitesimals in y, in particular,
cosy % 1.

4, The diffusion flux through a vertical area is negligibly small.

2. Diffusion Equation. Let uy and uy be the components of the particle velocity paral-
lel to the bottom surface and uy = —w the settling velocity of the particles. The particle
flux vector ji consists of convective and diffusive fluxes, i.e.,

jx = Clg, jy = CUy, jz = —cw — &0c/0Z. : (2.1)

Here €4 is the turbulent diffusion coefficient, which in the bottom layer is of the order of
es ~ voa (v, is the characteristic velocity at the top boundary of the layer).
We write the diffusion equation '
dclot + divi =0 (2.2)

and estimate its terms:

de feuy deuy v, 8 ac v

e T ~I z%mT e
It follows from estimates that for a/L € 1 the diffusion equation (2.2) can be written in
the form

d dac
é—Z—(CUJ ‘I— 8352-) = 0.

Away from the bottom layer the concentration c approaches zero. For this reason, after
integration, we have
cw + &,0¢/0Z = 0. (2.3)

3. FEquations of Motion. We project the equation of motion of the bottom layer of the
mixture on directions parallel to the bottom:

pdv/dt = —yp + 0v/10Z — pgvE, (.1
p = ppot pull— ) = pull e(s— 1)), s = ep/Py .

where p is the density of the mixture and v is the velocity of the mixture.
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The tangential stress in the mixture on sections parallel to the bottom consists of the
stresses 1, of the turbulent motion and the friction between the particles Tf:

T=“§w+‘ﬁfl‘; (3.2)
We introduce the characteristic tangential stress at the bottom: t, ~ prvg/zo

The coefficient A is expressed in terms of Chézy's number cg as A = Zg/cé. For sand
channels c¢ ranges from 30 to 50 m®-%/sec. Hence we obtain the required estimate 7, ~ 0.01 x
pwv%/Z. The values of 1y and T within the bottom layer range from 0 to t,. From the esti-
mates

gt o dtg 0ty 0.0iagv
p_dt_IN L’ 9z oL a

it follows that acceleration can be neglected for al « 0.01. Then, with the help of Eq.
(1.5), Eq. (3.1) can be put into the form

9t/0Z = clpp — Py )evE. (3.3)
4. Rheology. We assume that 1§ and 1, are directed along the vector 3v/3Z. Then
av | d
r—tif|l = (4.1)

The tangential stress Ty is determined by the turbulent motion of the medium and is found
from Prandtl's law [8]

Ty = (#Z|ov/0Z)?p4 E(c). (4.2)
The function E(c) determines the magnitude of the contributions to the turbulent friction
of the liquid and the solid phases. In the limiting case, when the solid phase phase makes
no contribution E(c) = 1 — ¢, and when the contributions of the solid and liquid phases are

proportional to the mass concentrations, E(c) =1 + (s — l)c, as assumed in [4]. 1In [7] the
intermediate case (E = 1) is assumed.

The tangential stress 1§ is determined from Coulomb's law of dry friction
Tf:ps t‘g q)? ps :g(pp"“pw)(am—-a), (4'3)

where ¢ is the angle of internal friction (for sand tan¢ = 0.5); pg is the additional pres-
sure in the mixture.

Thus Eq. (4.3) can be represented in the form
g = A(@o — a), 4 = (pp — py)g t2 9. (4.4)
For the one-dimensional case the proposed rheclogy agrees with that presented in [4].

5. Boundary Conditions. The velocity and tangential stress are continuous at the
interface Z = 0. Hence we obtain

Z=0:v=0, 1,=0. (5.1)

At the top boundary of the particle layer we assume that the tangential stress 1 =T, is
given and the concentration ¢ = 0. These conditions can be written as

Z—>o0:c—0, 1> T, (5.2)

The limiting values in the conditions (5.2) are reached for Z ~ a,, and for this reason T
equals, to within infinitesimals of order a,/h, the tangential stress at the bottom in the
absence of solid particles in the flow and T can be found from the relations which are well-
known in hydrodynamics. '

6. Formulation of the Problem for One-Dimensional Motion. We now write the diffusion
equation (2.3), the equation of motion (3.3), and the rheological relation (4.1):

0107 = cAT, T = (98/0X)/tg ; (6.1)
cw -+ e,0c/0Z = 0; (6.2)

T = A(@w — 0) +Ty, Ty = py/0Z; (6.3)
g, = ke, & = (wZ)?00/0Z, n =~ 0,4. (6.4)

The diffusion coefficient eg4 is proportional to the coefficient of turbulent viscosity e,
and k is of the order of unity [9].
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Thus in order to calculate c(Z) and v(Z) the system of equations (6.1)-(.4) must be
solved with the boundary conditions (5.1) and (5.2).

6a. Determination of the Tangential Stresses and Thickness of the Moving Particle Layer.

We integrate Eq. (6.1) along Z and obtain, with the help of Eg. (6.3),
T=A(axs — a) + 1,=T + AT(a — ax). (6.5)

It follows from Eq. (6.5) that Ty is a linear function of the variable a, and in addi-
tion 1,(0) = 0, 1y(as) = T. Hence

Tw-= T(a/am). (6.6)
On the basis of Prandtl's law'(6.3) and (6.4), we obtain from Eq. (6.6)
v {a \1/2 _{ TNz,
"2 57 =u(2g) (o) (6.7
/2
= ny*(Ei%r) (6.8)

where u, is the dynamic viscosity. From Eq. (6.5) and the conditions that at the bottom
a =0 and 1y = 0, we find
2

=]

' u
T s=Pp

*
G =AAFD  G-Deged+D" o (6.9)

6b. Distribution of the Particle Concentration. We now substitute into the diffusion
equation (6.2) the expression (6.8) for the turbulent diffusion e€4. Then we find for the
concentration c(Z) and the thickness a(Z) of the layer

a \1/2,dc da R
MJF(_QZE) Zg =0 Z=6 (6.10)
o == winnk. (6.11)

There exists a limiting concentration cg,t (saturation concentration) for the moving
mixture. For this reason, Eq. (6.10) is valid in the region 8 {Z , where ¢ < cgut.

In the layer 0<{Z <0 the concentration is constant c = cgyt, and the value of a in-
creases linearly with Z. Thus in the region 0<{Z <8 we have

¢ = Cgat @ == Cgar Z. (6.12)
In the region 6 <CZ the concentration distribution must be determined from the system of
equations (6.10) with the beoundary conditions
Z =908:a = ay = cCgat 0, € = Cgat, (6.13)
7 = 00! 0 = Ge, ¢ = 0.

For low concentration (¢ € 1) we can set E = 1. Then the first equation in Egqs. (6.10),
taking into account Eq. (6.13), has the following integral:

20(aoa)V/? -+ ZdaldZ — a = (2o — 1 oos (6.14)
From Eq. (6.14) and the conditions (6.13) with Z = 6 we find
Cgat 8/de = aglae = (1 — 1/20)% (6.15)

With the help of the substitution
alde = (1 — P2’ (6.16)
Eq. (6.14) can be put into the form
ol — p)dp [pRa — 2 + )] = dZ/Z, $(8) = 1/2a, (6.17)
which can be integrated, giving the solution of the boundary-value problem (6.10) and (6.13):
a,, (20— 2+ 1],)(20&—1)/(0“-1)
:"sat(za . 1)2a/(a—1).q,1/(1—-a) ’ (6.18)

d (2 — )y J/V
€= 2@ (P — 1)% =Csat (m)

L)

The asymptotic concentration distribution for Z » § is found from the solution (6.18), sub-
stituting Eq. (6.15):
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. (8N\Hfy_ 1 e (6.19)
¢ ?saﬁ(z) (1 (20&_1)2} .

It can be shown that for sufficiently large o the solution can be represented, with the rela-
tive error 1/(2a — 1), by the approximate formula

¢ = cgar (8/2)% (6.20)

The results (6.18)-(6.20) obtained above are valid for o > 1. For a = 1 the solution has
the form

ZI§ = 4t ¢ = cgaret—V, § = a,lbcgar. (6.21)

In this case, for Z » § we have the asymptotic expansion

) 4egar &

C—Csat4\p A (ln(Z—__/_(S_EZ (6-22)

The boundary value problem (6.10) and (6.13) does not have a sclution for a < 1.

6c. Sediment Flow Rate. We now find the sediment flow rate under the assumption that
the particles move with the velocity of the mixture. Integrating by parts and using the
formula (6.7) we obtain

o0

bpu 1/2
6 = { ppevdz — Sppbaz(a—-a,,)dZ—-ppS.(am 0%z = *S(m—a)() iz.

on

On the basis of Eqs. (6.7) and (6.16) we write

ppamu* I, Izjr'lp(z_"p)(l_lp)iz%' (6.23)
0

]

G:

As one can see from Eq. (6.23), the flow rate depends on the slope I via a,. Substituting
the expression (6.9) for a,, we have

G G - Opi, 3r
G=r7r G=ic-newe’ (6.24)
According tc Egs. (6.12), (6.16), and (6.17), we find
28 078, o <Hp<,
7_[ = o SYS . (6.25)
Z i 2(1—-Y)dy -
|~ sorw 0<% 0<v<gy

The integral (6.23) can be easily calculated with the help of the substitution (6.25). We
now give the asymptotic expansion in the small parameter 1/2a:

I =4/3 4+ 1/202 4- ..., 1/2a < 1. (6.26)

In the approximation (6.26) the bottom layer of thickness 8 with constant concentration Cgat
makes the main contribution to the sediment flow rate (I = 4/3). For Z » & the concentration
of suspended sediment decreases rapidly according to the power law (6.20) and makes a rela-
tively small contribution (~1/a?),

For 0 < o — 1 € 1 the following asymptotic expression can be derived:

1
I'~4lng—p, a—1L1, (6.27)
In this case, which corresponds to high flow rate, the relative contribution of the suspended
part of the sediment to the flow rate is much greater than the contribution of the bottom
layer of thickness §.

6d. Taking into Account the Relative Velocity of the Particles. We now project the
equation of balance of the forces acting on the dispersed phase per unit volume of the mix-
ture onto a plane tangent to the bottom surface:

Fp+ Fc‘!‘Fg:O- (6.28)

The first term is the resistance force of the particles in the liquid proportional to the
squared relative velocity of the particles v go7. It can be represented in the form
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. | vre1) vrel
} c _ — —_—
R e (6.29)
_ |vrell¥rel
T

where V, is the volume of an individual particle, c/Vp is the number of particles per unit
volume, and f is the resistance force acting on an individual particle. For |vyei| = |w],
evidently, f is the weight of the solid particle minus the buoyancy force.

The second term is the Coulomb friction force. With the help of (4.4) we obtain

otg

E = — Ac. (6.30)

e 02

Finally, the projection of the force Fg, acting on a particle in the liquid as a result
of the presence of the acceleration of gravity, can be represented as

Fg = —AcT. (6.31)

Substituting the expressions (6.29)-(6.31) into Eq. (6.28), we find the relative velocity of
the particles in the liquid:

vrel= W tg @ (1 + 1), (6.32)
and the vector v,g] is oriented opposite to the velocity v of the mixture.

Taking into account the relative velocity (6.32), the particle flow rate will change by
the amount

oo

AG = ppYy g cdZ = PpPrelfce (6.33)
. 1]

Thus .we find with the help of Egs. (6.23), (6.24), and (6.33) the following expression for
the flow rate:

Uy
u

)—1~- (6.34)

¢ =486 =6, (1—"22)
(6.35)

*
%
Usr = F l”re1|

where uxy is the dynamic velocity corresponding to the instant at which the particles come
into contact. We note that the formulas (6.34) and (6.35) do not contain any unknown empiri-
cal constants. The velocity vp of the solid particles is oriented in the same direction as
the velocity v(Z) of the mixture. For v < |v,e1| the velocity of the particles is zero.

Thus the particle velocity distribution over depth is determined as follows:

vp = VZ) +vretZ = Zo vp = 0, 0< Z< Z, < 8 (6.36)

The level Z,, separating the stationary layer of particles from the moving layer, is found
from the relations

Zy

S T v
— Upel™ lthg(p(1+ -—2——) = U(Zo) = Sﬁ daz.
, ‘ J
With the help of Eqs. (6.7) and (6.12) the last integral can be calculated in the form

z, .
uy [ (o \V2dZ _ ous csat Zg\1?
U(Zo):",Z a, Z T Tu\ a, ’
0

whencetggt?yh“F:(v@dZu*F.: According to Eqs. (6.32) and (6.35), we obtain

v Z Tu . \? 3,
_siai_o:(z_) —geXE o (14T, (6.37)

The flow rate (6.33) must be calculated more accurately taking into account the distribution
(6.36), in which for g < Z << Z,/ the solid particles are at rest. Using Eqs. (6.37) and (6.35),
we estimate the error in the formula (6.33) as

.Zo

2ug csat;za 3)3/2 o uevi‘eI»_ Is (”*T)Z

' o ~dZ
: v ez = == | XD
pP‘-Csa"t,}S v+ rel‘),AG 3% | el ]\ ay 12u: 12 \u,

0
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7. Solution of the General Problem. From the diffusion equation (2.3), the equation
of motion (3.3), and the rheological relation (4.1) we obtain, by analogy to the one-dimen-
sional case, instead of (6.5)

r:R,R:T+AI‘(a———aw),I‘=V§ctgcp. (7.1)

Within the adopted assumptions I' € 1
R=T+ AT (a — ax) (7.2)

(I't is the projection of the vector I' on the vector T) From the rheological relation (4.1)-
(4.4) and Eq. (7.1) we find

Rzpf+rw=A(am—a)+rrw. (7.3)
Since 1, = 0 at Z = 0, it follows from Egs. (7.2) and (7.3) that
aw = T/HA(1 +T). (7.4)
By analogy to the one-dimensional problem, we write
Ty= Tzla—, %% = U, (a;‘E)l/z. (7.5)

Repeating all arguments in Sec. 6c, we find that Egs. (6.10)-(6.16) are also valid for the
two-dimensional case.

Since the vectors T, R, and 0w/dZ are collinear, it follows from Eq. (7.5) that

v Uy a \izR
Z nZ(awE> R (7.6)

From Eq. (7.1) we find

r = Te@p— ) — P @p—v). (7.7)

We determine the sediment flow rate, by analogy to the one-dimensional case, under the
assumption that the particles move with the velocity of the mixture:

0o

G—pp‘g‘vcd7~pmam5(2q} )2 dz. (7.8)

Substituting the expressions (7.6) and (7.7) into Eq. (7.8), we find the final expression
for the flow rate:
292 p

G =G, —Tat — BYF —BT), Iz=§ — P E— 9L, B=IylL.

(7.9)

The integral I is calculated in Sec. 6¢. The integral I, can be found similarly, and as a
result we obtain the asymptotic formulas

15+63’ BN = a>1, I—81n 1,B 2, I<(e— 1)< 1. (7.10)
The relative velocity of the particles can be taken into account similarly to the discussions
in Sec. 6d. Thus we obtain
. u . T
- afi= ) - ) 2]
G o1 “ 1 —T: (1 —B) T B (7.11)
= (whVige(d + T2 w. (7.12)

8. Comparison with Experiment. We now compare with experimental data the theoretical
formulas for the contact velocity of the particles (7.12) and the sediment flow rate (7.11),
substituting into them the known values of the parameters (¥= 0.4, tan ¢ =0.5). It follows
from Eq. (7.12) that on an even bottom the ratio u,,/wa 0.2. In [10] it was established, on
the basis of experimental data, that this ratio ranges from 0.18 to 0.25.

As noted in [11], one of the most reliable empirical formulas is [12]

2 3/2
G = 20p 2 (fis. — 0,047d) (8.1)
s—1 g
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where d is the diameter of the particles. Using for the setting velocity of the particles
the formula w®> = (s — 1)gd [11] and Eq. (7.12), Eq. (8.1) can be put into the form

T
G= (s—1)g 1 Uy ’
The range of interest for practical applications is u*T/u* < 0.9, where the flow rates calcu-
lated from the formulas (8.1) and (6.34) differ by not more than 207 with T = 0.

The structure of the formulas (7.11) and (7.12) is identical to that obtained previously
in [7] neglecting the diffusion of the particles. The values of the coefficients in the for-
mula for the flow rate are close over the entire range of the parameter a, except close to
one. Therefore, the check of the formula in [7] for the case of erosion of the banks of a
channel also pertains to the present work, and it can be concluded that the formulas for the
sediment flow rate on an uneven bottom are in good agreement with experiment.

Finally, the power law obtained for the concentration distribution (6.20) agrees with
the known results of [11, 13].
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